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Introduction

where R is the recovery rate, Dt = D(0, t ) is the discount process, Vt = V (t , Xt ) the portfolio value as a deterministic function of t and risk factors Xt and Vt+ = max (Vt , 0)
In the case where the default and the portfolio value (expressed in numeraire unit) are independent (no Wrong Way
risk) the expression can be simplified as :
T
+
CVA0 = (1 − R) 0 EQ
(1)
0 [Dt Vt ]p(t )dt

Nowadays, with regulatory requirements, the valuation of
any financial product should take into account the possibility of default of any agents involved in the transaction. Moreover, the trading activity should be funded by different source
of liquidity instead of a single one with a unique risk-free interest rate. xVA denotes the various value adjustment that
are applied to the valuation process to incorporate these stylized fact. xVA calculation is computationally challenging because it involves the evaluation of all the trades in the portfolio under each market and credit scenario. For instance, the
Credit Value Adjustment (CVA) requires the simulation of future market moves, then pathwise valuation of each future
counterparty portfolio. The Margin Value Adjustment (MVA)
requires even more calculation such as pathwise sensitivities.
Recent development highlight the usefulness of IT techniques
such as of GPU programming but also Machine learning to
improve the efficiency of such calculation.
In this note, we will focus on the CVA calculation and show
how can Machine Learning be applied as a model of future
portfolio values to improve the computational efficiency. In
a first part, we briefly present the CVA framework and how
it can be numerically estimated. In a second part, we briefly
present the state of the art of CVA calculation improvement
and then our detailed Machine learning approach with model
chosen. In a last part, we test these Machine learning models
on interest rate swap and swaption portfolios.

where p(t ) is the probability density function of τ . The expectation in the integral is the positive expected exposure. We
will make this assumption afterwards.

1.2 Numerical estimation
The precedent formula can be estimated using the MonteCarlo method: simulating M paths along which each risk factor is sampled and generating a time grid t1 < … < tN = T ,
we have the following approximation :
M N
(2)
CVA0 ≈ M1 (1 − R)∆t j=0 i=1 Dt(ij) V (ti , Xt(ij) )+ ∆pi
where ∆pi = P(ti−1 < τ ≤ ti )

The main challenge in computing the above quantity is
the portfolio value V (ti , Xti )+ which in many cases cannot be
evaluated analytically. For instance, in the case of a portfolio involving high dimensional multi-callable products, a full
reevaluation of such portfolio would lead in a computationally intensive nested Monte-Carlo simulation.
An usual approach to simplify the calculation is to use
a Monte-Carlo regression (LSMC) algorithm instead (see ref
[3]). In this method the portfolio future values (here the conditional expectation values filtered on information available
at the corresponding time) are approximated by the means
of regression functions fitted by backward induction on simulated paths. This method is however sensitive to the accuracy
of the regressions on all simulated paths and has little error
control, especially for high dimensional underlying models.
Some improvements exist on this approach as in reference [4]
and [9] for instance.
Another approach we can found in literature is to consider
the BSDE formulation of the portfolio dynamic (prefered from
the PDE one in high-dimension) which can be expressed in
numeraire unit as (Ref 5):
 ∂ V̄
j
d V̄t =
(3)
ij ∂ Xi (t , Xt )σij (t , Xt )dWt

1 The credit valuation adjustment
framework
1.1 Definition
The credit valuation adjustment represents the difference between the risk-free valuation of a portfolio or a contract and
the valuation which account for the probability of default
of each counterparty. Computing the CVA then involves a
model of the counterparty default. Let’s develop it with some
more formalism. We refer the reader to the references for a
more detailed framework.
Let’s consider a pricing probability basis (Ω , F, F, Q).
F = Ft ∈[0,T ] ⊆ F is a filtration satisfying the usual assumption such that all processes of interest are F adapted and τ ,
a random time representing the default time of the counterparty, is a F-stopping time (we ignore here the default of the
bank). We denote Et (.) = E(.|Ft )
Let’s fix the trading time horizon T (the latest maturity in
the portfolio for instance) and assume τ follows a stochastic
intensity process γ. In the case there is no collateral management, which will be the case in this work, the time t0 CVA can
be defined as follows:
 T
CVA0 = (1 − R)EQ
Dt Vt+ δτ (dt )
0

with terminal conditions V̄ (T + ), σ being the volatility terms of
the risk factors dynamic following a multi-dimensional Brownian motion. This equation is then numerically solved by Euler discretization and backward or forward induction. The
positive expected exposures are computed afterward. This approach is used by authors in [5].

2 The Machine learning approach
2.1 Introduction

0

= (1 − R)EQ
0



T
0

Dt Vt+ e−

t
0

γs ds

The use of Machine learning in quantitative finance and especially in risk management has recently seen increasing inter-

γt dt
1

1

where w is the vector of portfolio weights

est from both academics and practitioners. Also the literature
that treats the application of Machine learning to xVA calculation has grown. For example, the authors in [1] improve
the Monte Carlo estimation of the CVA by approximating the
portfolio future values (the mark to market cube) by means
of Gaussian process regressions. In [2], the authors introduce
neural networks to approximate MtM values and sensitivities
of a Bermudan swaption as part of IM and MVA calculation.
The authors of [5] solve the BSDE representation (3) with a
parameterization of the control process (the deltas) by a set
of neural networks. In [6], the same approach is extended to
all xVA dynamics in a generic framework by its authors .

In the case of a high dimensional portfolio sharing multiple asset classes, the question of considering subportfolios
arises. Training one ML model per asset class or netting set
should be more adapted and efficient in practice.
The first step is done by the means of a sampling methods and pricing models. This is generally a computing intensive task for both feature generation (particularly when the dimension of the data is large) as well as for generating contract
values. Yet this step is executed once in an outer simulation
and the trained ML model is then reusable. Another point
to note is that we assume the underlying stochastic models
are already calibrated. In a production-like environment, machine learning models might need to be retrained at each recalibration phase. Yet, a possibility to avoid retraining is to
enlarge the training set with the underlying model parameters sampled on a sufficiently wide domain and use online
learning if it is applicable.

In this note, we consider the analytical CVA formula (1)
with its Monte Carlo scheme (2) as a starting point and as in
[1] or [2], we train a machine learning algorithm to approximate the portfolio point values (MTM cube) using synthetic
data from pricing models. Our attempt is to avoids one level
of nested simulation while preserving as much as possible the
full quality of the original pricer.
In a previous note, we have shown that machine learning
models such as neural networks and Gaussian process regression were suitable for approximating option prices as well as
the whole implied volatility surface. While Neural networks
have shown a better ability to scale when input dimension
increase (both in feature and sample size), Gaussian process
regression performed well when the input size is small and
provides a way to assess the uncertainty of the prediction.
Thus, the idea is to reuse and adapt these models as part of
the Monte-Carlo estimation of the CVA.

2.2

2.3

The detailed principle of Neural networks was developed in a
previous note, but we recall the main lines :
Neural network such as Multi-Layer perceptrons (MLP)
are a composition of multiple connected layers, each one representing a linear transformation plus an activation function.
The outputs of the layer l can be expressed as :

al = σl (Wl al −1 + bl )
where Wl ∈ Rnl−1 × Rnl is the weights matrix and bl ∈ Rnl is
the bias vector.
The training consists in finding the parameters Θ =
(W1 , .., WL , b1 , .., bL ) which minimize a given loss function L
:
argmax L(Y , N N (X , Θ ))

Modified Monte-Carlo estimation

The approximation of portfolio values within the Monte-Carlo
loop can be done in several ways. Approximating the whole
portfolio value using a single model, apply several models to
approximate each contract separately or use a single multioutput prediction model that approximates the vector value
of all contracts. Then compute the aggregated portfolio. This
last approach has both the advantage to account for portfolio
where contracts share common risk factors with correlations
between them, which is often the case in practice and preserve
the flexibility to dynamically rebalance the portfolio without
the need to retrain the model.
In this approach, the calculation of the CVA can be summarized in the following steps :

Θ

For doing so, we use a mini-batch gradient descent algorithm were weight and bias are iteratelly updated by the
calculation of the loss function on batches of training data
and backpropagation principle. Hyperparameters such as the
learning rate controls the learning process speed.
The use of neural networks for approximating derivative
prices is justified by the Universal approximation theorem
which indicates that any continuous function on a compact
subset of R can be approximated by a single hidden layer
feed forward neural network. Moreover, despite its lack of
interpretation NN have the advantage of providing a hidden
representation of its inputs.

• Generate a supervised training set of underlying risk
factors and trade properties as features, and the corresponding d -vector valued contract prices of interest as
labels D = {(Xi , v (Xi )) ∈ Rm × Rd , i = 1, .., n}.

2.4

• Train the machine model f to approximate the vectorv (Xi ) = f (Xi , θD ). Denoting θD
valued contract prices 
the model parameters optimized on D.
M

Multi-response Gaussian process regression

In the previous note on option pricing , we have detailed the
principle of Gaussian Process regression in the case of a single
output. We develop here the case of multi-output GPR more
adapted for our approach.
Multi-output GPR relies on multi-response Gaussian process.

• Compute the CVA using the Monte-Carlo method :

CVA0 ≈

Neural networks

N

(1 − R)   (j) T
∆t
Dti w f (Xt(ij) , θD )+ ∆pi
M
j =0 i =1
2

2

 = K (X ∗ , X )T K  (X , X )−1 Y
M
 = K (X ∗ , X ∗ ) − K (X ∗ , X )T K  (X , X )−1 K (X ∗ , X )
Σ
 =Ω
Ω

Definition 2.1 (Multivariate Gaussian process). A function f
is a d -variate Gaussian process on χ with vector-valued mean
→ R and
function µ : χ −
→ Rd , kernel function k : χ × χ −
positive semi-definite parameter matrix Ω ∈ Rd ×d denoted
f ∼ MGP(µ, k , Ω ) if any finite collection of vector-valued
variables f (x1 ), …, f (xn ) has a joint multivariate Gaussian distribution :
[f (x1 ), .., f (xn )] ∼ N (M, Σ ⊗ Ω )

 (X ) =
We have the point estimate for the portfolio value V


w M and covariance estimator Σ which can be used for model
uncertainty.
To be noted that if the training computational time scale
poorly on the training sample size n with an O (n3 ) complexity
(this is due to the Cholesky decomposition of the n × n-matrix
K ), the prediction is performed in O (n2 ).
T

with

M ∈ Rd ×n , Mk ,i = µk (xi ),


Σ ∈ Rn×n , Σi,j = k (xi , xj ),

Σ1,1 Ω
 ..
Σ⊗Ω = .

Σm,1 Ω

···
..
.
···

online learning for model update


Σ1,n Ω
.. 
. 

Online learning is possible for GPR. Basically, the model update relies on the following Bayesian formulas: for a new observation (X  , Y  ) we have

Σm,n Ω

Given a set of observations {(Xi , Yi ) ∈ Rm ×Rd , i = 1, .., n},
the Multi-response Gaussian process regression can be expressed as
Yi = f (Xi ) + , i ∈ {1, .., n}

p (f ∗ , X , Y , X  , Y  , X ∗ ) = 

as the new posterior on the test sample X ∗ and the previous
posterior become the prior in the update (f ∗ ∈ Z ).
As suggested in [1], this can be useful to update the model
without whole retraining when underlying models are often
recalibrated (in intraday for instance). In this case, underlying
model parameters are added to input features, then, at each
recalibration phase, a new set of prices is generated and the
posterior updated.

with:

• [f (X1 ), …, f (Xn )]T ∼ N (0, K (X , X ) ⊗ Ω ) ,
[K (X , X )]i,j = k (Xi , Xj ) a n × n-matrix
• Y ∼ MGP(µ, k  , Ω ), k  (Xi , Xj ) = k (Xi , Xj ) +δij σ 2 , σ being
the variance of the additive Gaussian i.i.d noise 
kernels

3

The kernel k can be any positive semidefinite function. Radial basis functions (RBF) which only depend on ||x − x  || are
a commonly used Kernels as they are universal: two output
points close in input space are highly correlated. Other more
elaborate Kernels such as Matern Kernel (see ref [1]).

Given a prior distribution on f (X ) = f ([X1 , …, Xn ]), the training
of the GPR consists in finding the hyperparameters θ (parameters of the kernel function) and the element of the covariance
matrix Ω that minimize the marginal log-likelihood of training samples :

nd
d
n
ln(2π) + ln|K  (X , X )| + ln|Ω |
2
2
2

3.1

Case I: Interest rate Swap portfolio

We construct a portfolio of both payer and receiver interest
rates swaps on the Euribor 6M with different maturities and
nominals (4 to 6 year maturities and 1 to 7.105 range nominals. We assume a flat yield term structure for simplicity. We
use the [6M, 1Y, .., 10Y] yield curve for discounting. All prices
of interest are computed using the Quantlib library
functions.
t
We model the survival probability p(t ) = e− 0 λ(s)ds with a
deterministic piecewise-constant hazard rate function λ. The
default curve is then built by interpolation on our time grid.

1
+ tr (K  (X , X )−1 Y Ω −1 Y T )
2
For a new set of observed samples X ∗ , the joint distribution of
the training targets Y = [Y1 , .., Yn ] and the predictive targets
f ∗ is :
  
 
 
Y
K (X , X ) K (X , X ∗ )T
= MN 0,
,Ω
K (X ∗ , X ) K (X ∗ , X ∗ )
f∗
Then we have the following conditional distribution for f ∗ :
,Σ
⊗Ω
)
f ∗ | X ∗ , X , y ∼ N (M

Numerical experiments

In this section, we apply the machine learning approach for
a set of interest rate swap portfolio first then a portfolio of
swaptions. More insights about the financial models can be
found in Appendix.
In our approach we train one machine learning model per
time step of a primarily defined time grid of future scenarios as it was found to be more efficient in practice. In order to have a realistic realization of the market (interest rate
curves), the training data is generated using a Monte-Carlo
simulation. Only the interest rate value is thus considered as
feature (in fact we use rather the state variable x defined in
Appendix).

training and inference

L(Y |X , θ, Ω ) =

p (X  , Y  | f ∗ )p (f ∗ | X , Y , X ∗ )
p(X  , Y  |z )p(z |Z , Y , X ∗ )dz
Z

Machine learning models are implemented in Python using the Torch module. We use a Radial basis function as kernel
3

3

‘

3.2

of the Gaussian process regression. If the hyperparameter optimization is automatically done during the training process
for GPR, it is however tricky for the neural networks due to
the high number of models (one per time step) and the pricing
map which highly depends on the time to maturity. In a sake
of simplicity and limited computer resources, the NN architecture were only tuned for one particular time step and using
500 train samples. For doing so, a grid space of hyperparameters choice is first defined. It includes 2 or 3 hidden layers,
and hidden size comprised between 40 and 120 units. 20% of
training data were used for validation. The final selected NN
have a shape (50,80,70) for the two dimensional portfolio.

Case II: Swaptions portfolio

We now test the method for a portfolio of swaptions, we detail here the case of a single Bermudan swaption portfolio
with 5 annual exercise dates on an underlying payer swap
with 5Y maturity and 106 nominal. In this case, we also
compare the Machine learning approximation with the least
square Monte-Carlo method detailed in appendix. As Bermudan swaption are callable, we need to explicitly simulate the
exercise decision. Thus, the pathwise values of the underlying
swap need to be estimated too. We train at each time step two
ML models, one to approximate the swaption NPV and the
second to approximate the Swap NPVs. The training sets are
generated again by Monte-Carlo simulations and PDE pricing
for the swaption. Again, We also compare the results against
the case of the PDE full revaluation. We generate 1500 future
scenarios of the short rate on the same time grid as previously.

The CVA calculation is tested by varying the training size
(the number of paths generated for training data) and portfolio size. We generate 5000 future scenarios on a 6 year-long
time grid with monthly time step (which also include fixing
dates. A Monte-Carlo loop with full revaluation is used as a
Benchmark. The graph below shows expected positive exposures for a two swaps portfolio (receiver and payer with 4Y
and 5Y maturities) :

Figure 2: Positive future exposures for 10 paths

One of the difficulties for the case of such multi-callable
product is the sensitivity to the accuracy of the exercise decision function approximation. Indeed, error in the estimated
stopping time 1(Ŝ (t ) > V̂ (t )) (denoting V and S the value of
the swaption and the exercise)leads to a large discrepancy in
the future exposure estimation (Ref[2]) as the portfolio value
can jump. An alternative would be to also learn the optimal
decision 1̂(S (t ) > V (t )) by a third model at every call time
point in the future. In our work, the use of a classification NN
for the decision function improved the accuracy of the CVA
calculation.

Figure 1: Expected exposure calculated using 5000 path scenarios
and 2000 training sample per time step for ML models

The table below summarizes the different tested cases for
the CVA calculation compared to the full revaluation case:

CVA0 values for 5000 scenarios and 77 time step
portfolio training
CVA
model CVA
diff%
size
size
reval
d=2
N=500 GPR
609.17
613.2
0.657
MLP
611.485 613.2
0.28
N=1000 GPR
610.053 613.2
0.513
MLP
608.80
613.2
0.717
N=2000 GPR
610.96
613.2
0.366
MLP
610.458 613.2
0.447
d=6
N=500 GPR
712.742 713.756 0.142
MLP
714.63
713.756 0.123
The train size has not a great impact on final precision and
500 training data point is sufficient to have a correct accuracy.
In contrast, GPR predictions are more stable than the NN. The
time execution of the MtM cube generation is divided by 6
with the GPR and by 55 with the NN.

Figure 3: Positive expected exposures
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model
Full revaluation
LSM
GPR
MLP

CVA0 for 1500 scenarios
CVA
diff%
MtM exec. time
1452.95
1306.0
1501.43
1465.67

The price of a zero coupon bond can then be expressed as
:

P (0, T ) −x (t )G(t ,T )− 1 y (t )G2 (t ,T )
2
e
P (0, t )
Zero-coupon prices can thus be computed for scenarios yield
curve construction and pricing purpose.
P (t , T ) =

35min
10.12
3.33
0.87

0.27s
6.5s
0.17s

Swap price

Conclusion

A vanilla interest rate swap consists of an exchange between a
floating and a fixed rate. Let’s denote T1 , .., TN the settlement
dates of the swap. If we place in t ∈ [Tn−1 , Tn [, the cash flow
of a payer swap with remaining dates Tn , .., TN (tenor TN − Tn ),
where the party receive the floating rate L and pay the fixed
rate R, is given by the difference between the floating leg and
fixed leg cashflow values :

In this note, we have discussed the application of Machine
learning as an efficient way to approximate the MtM cube
for the Monte-Carlo estimation of the CVA. Both Neural networks and Gaussian process regression were introduced as selected Machine models to address the problem as they have
some particular advantages: hidden representation and dimensional scalability for neural networks, Bayesian model
uncertainty for GPR. We have applied these methods for some
simple portfolios of common IR products in a basic setup (no
collateral or Wrong Way risk, single curve environment and
single factor model). The results are promising in term of precision and scalability in the case of swap portfolios. The optimization of hyperparameters for NN is tricky, but some improvements can be made in this direction. Besides, our models were executed on CPU while a GPU execution (possible
for both models) would be even more fast.
Other interesting features of the proposed Machine learning models could be exploited such as fast gradient computation for CVA pathwise sensitivities. For instance, GPR provides an analytical way of computing the gradient with respects to its input while the gradient can also be extracted
from NN with the backpropagation principle.

4

S (t , X t ) =

N


k =n+1

Tk

∆k EtQ [L(Tk −1 , Tk )]P (t , Tk ) − R∆k P (t , Tk )

The expectation in the formula is the simply-compounded
forward rate which can be expressed in term of zero coupon
prices and accrual period ∆k := Tk +1 − Tk :
Tk

EtQ [L(Tk −1 , Tk )] =


1  P (t , Tk −1 )
−1
∆k P (t , Tk )

These formulas enable to calculate the pathwise price of the
swap. The function DiscountingSwapEngine of Quantlib
implement the pricer and can be linked to a provided term
structure.
Swaption price
A Swaption is an option which enables the owner the possibility to enter an underlying swap at the expiry time (European
case) or at multiple exercise dates (Bermudan case). In the single factor model, the price V (t , x (t )) of the swaption verifies
the Feynman-Kac pricing PDE :

Appendix

In this section, we briefly present the financial modelling aspect and pricing used for the numerical applications. More
details can be found in [8] and [9].

∂V 1
∂2V
∂V
+ (y (t ) − κx (t ))
+ σ(t ) 2 = (x (t ) + f (0, t ))V
∂t
∂x 2
∂x
subjects to the terminal condition V (T , XT ) = max(0, S (T , XT ))
The Quantib function Gaussian1dSwaptionEngine provides a PDE sovler using Finite-differences.

The one factor Gaussian model (G++)
The short rate dynamic under the risk neutral measure in the
one factor Gaussian model is:

dr (t ) = κ(t )(θ(t ) − r (t ))dt + σ(t )dW Q (t )

American Monte-Carlo for Bermuda swaption exposures

σ and κ are considered piecewise constant.
For practical purpose, we usually consider rather the dynamic of the quantity x (t ) := r (t )− f (0, t ), (f (t , T ), t < T being
the instantaneous forward rate), which is:

In the case of Bermudan, assuming the exercise dates coincide
with the payment dates of the underlying swap, the pricing
problem can be expressed as an optimal stopping problem on
exercise dates T = {T1 , …, TN −1 }:
N

dx (t ) = (y (t ) − κ(t )x (t ))dt + σ(t )dW Q (t )
t
t
with y (t ) = 0 e−2 s κ(u)du σ 2 (s)ds. In the T -forward measure,
the dynamics becomes:

V (t , Xt ) = max Nt EtQ [Nτ−1 S (τ , Xτ )]
τ ∈T

denoting N the numeraire. If {t0 < … < tM = TN −1 } are
the dates at which we want to compute the exposure (which
include call dates), we have if tm = Tn < TN is a call date:

T

dx (t ) = (y (t ) − σ 2 (t )G(t , T ) − κ(t )x (t ))dt + σ(t )dW Q (t )
with G(t , t  ) =

t
t



e

u
t

κ(s)ds

N

dt

V (tm , x ) = max {S (tm , x )+ , Ntm EQ (Nt−1
V (tm+1 , Xtm+1 )|Xtm = x )}
m+1



C (tm ,x )

5
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where C is the continuation value.
At any time Tn < tm < Tn+1 we have V (tm , x ) = C (tm , x ) and at
the expiry: V (TN −1 , x ) = max {S (TN −1 , x ), 0}.
The Least square Monte carlo (LSM) consists in approximating the continuation value by first simulating risk neutral market realization paths (Xt(0j) , …, Xt(Mj) )J
j =1 . Then, proceed
backward-in-time from the known terminal conditions, fitting
at each step tm a regression function fm in order to minimize
the following square error :
J

 Nt(mj)

j =1, IT M

Nt(mj)+1

[7] Bo Wang Zexun Chen and Alexander N. Gorban. Multivariate gaussian and student−t process regression for
multi-output prediction. 2019.
[8] Peter Caspers. One factor gaussian short rate model implementation. 2013.
[9] Patrik Karlsson Drona Kandhai Qian Feng, Shashi Jain
and Cornelis W. Oosterlee. Efficient computation of exposure profiles on real-world and risk-neutral scenarios
for bermudan swaptions. 2016.

2

j)
V (tm+1 , Xt(m+1
) − fm (Xt(mj) )

[10] Matthias Groncki. Jupyter notebooks – a swiss army
knife for quants.

j)
where path future values V (tm+1 , Xt(m+1
) are known from previous step. Originally, the regression functions are linear regressions on a setof polynomial basis functions φk . That is
R
we have fm (x ) =
k =1 βk (x )φk (x ). Then, the path continuaN
tion value is approximated as C (tm , Xt(mj) ) ≈ EQ [f (Xtm )|Xt(mj) ] =
f (Xt(mj) ) and the present values V (tm , Xt(mj) ) can be computed according to previous formulas.
N 
The t0 value is V (0, Xt0 ) = Jt0 j C (t0 , Xt(0j) )
Finally, the exposure profile of the swaption is computed
along each path forward-in-time as:


+
E (tm , Xt(mj) ) = 1tm <τj∗ V (tm , Xt(mj) ) + 1tm ≥τj∗ S (tm , Xt(mj) )

where τj∗ = inf{τ ∈ T |S (τ , Xτ(j) ) ≥ V (τ , Xτ(j) )}.
An alternative and improvement of the LSM method is the
Stochastic grid bundling (SGB) where the future value V is
approximated given time tm+1 state variables instead and by
several local regressions done on bundles of paths. We refer
the reader to reference [9] for details.
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